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Foreword and guide to this book.

It feels good to think. But do not assume, that only students who get good grades in math
can feel this way. Everybody who can conquer a seemingly unsolvable problem through
reason and logical thinking can experience this feeling.

You will encounter lots of practical problems this year. You will learn about the meaning of
percentages, often mentioned in commercials; you will learn how to draw simple diagrams
and construct geometric figures with a ruler and a compass. And most of all, you will
improve your thinking skills while solving lots and lots of exercises.

The lessons usually start with sample problems. It is worth looking at, and understanding
these, since they provide a template for solving further exercises. The most important rules
and definitions are written in bold and highlighted in green. Exercises with a * may require
clever solutions. The text on the side of the page in small print contains additional
information, interesting facts about math, its uses in daily life or questions related to the
given topic.






9. Divisibility Based on
the Sum of the Digits

The key opens the door whose

number is divisible by 9. You have &% I~ ; <
10 seconds to answer or you will & ' LY 4 " 8945 94/’8 7

be my servant forever!

Frank arrived at the hall above in a computer game. To move on, he has to open one of
the doors. Can he solve the problem in such a short time?

Example 1. N

Use the number cards below to create numbers divisible by 9. How
many solutions are there?

o EIEE » [2][5][8]

Solution (a) Solution (b)
378 =42 -9 356=39-9+5
387 =43 -9 365=40-9+5
738 =82-9 536 =59-9+5
783 =87-9 563 =62-9+5
837 =93-9 635=70-9+5
873 =97-9 653 =72-9+5
All of the numbers created None of the numbers create
with these number cards with these number cards

H are divisible by 9 . @ are divisible by 9.

Based on exercises a) and b) we can gather, that divisibility by 9 depends
on the digits of a number, but not their order. In exercise a) the sum of the
numbers is 18 (a multiple of 9), in exercise b) the sum of the numbers is 14
(not divisible by 9).

In the following examples we will show that the sum of the digits in a
number indicates whether it iss divisible by 9 or not.




Example 2. A
Determine, without dividing, if these numbers are divisible by 9.
a) 3456; b) 4567.

Solution

a) Write the number as a sum.
3456 = 3000 + 400 + 50 + 6
Express the terms of the sum as products in the following way.
3456 =3-1000+4-100+5-10+ 6

Write the factors, 10; 100; 1000 into two-term sums, so that one term
in each sum is divisible by 9. Then continue on to multiply the sum.

3000 = 3-1000 = 3-(999 + 1) = 3-999 + 3-1
400 = 4- 100 = 4- (99 +1) = 4- 99 + 4-1
50 =5 10=5-( 941) =5- 9 + 5-1
+ 6 =6 1 = =6- 0 4L £.1
3456 18
3456 =3-999+4-9+5-9+3+4+5+6
divisible by 9 the sum of the digits
3+ 4+ 5+ 6 =18. 18 is divisible by 9, thus 3456 is also divisible

by 9.
b) 4567 =4 -993+5-99+6-9+4+5+6+7

divisible by 9
4+5+6+7=22.
22 is not divisible by 9, thus 4567 is also not divisible by 9.

the sum of the digits

A natural number is divisible by 9 if and only if the sum of its digits is
divisible by 9.

Act out the problem in the opening picture. Have someone from the class measure |

10 seconds. How many people gave the correct answer?

Write other multi digit numbers on the doors, see who can get the key!

Is there a clever way of calculating the answers?

3672 — 3+6+7+2 — divisible by9;
— —
divisible by 9
5479 — 5+4+4+7+9 — 7isnotdivisible by 9.
N — (]

divisible by 9

Look for numbers
that are certainly
divisible by 9.

-(b+c) =
a-b+a-c

I

The remainder of a
number when
divided by 9 is the
same as the
remainder of the
sum of its digits
divided by 9.




Example 3. N
A@ Determine if 5748 is divisible by 3, without doing the division.
? h\\% Solution
w Write 5748 as a sum.
5748 = 5000 + 700 + 40 + 8
Factor the terms of the sum as follows
5748 =5-1000+ 7 -100+ 4 - 10 + 8

Write 10; 100; 1000 as sums of two terms, so that one term in each

3is a divisor of 9. sum is divisible by 3, then use the distributive law.
5000 = 5-1000 = 5-(999+ 1) = 5-999 + 5-1
700 =7- 100 = 7-(9+1) =7- 99 + 7-1
40 =4- 10=4-( 94+1) =4- 9 + 4-1
The remainder of a + 8 = 8- 1 = =8- 0 + = 8-
natural number “on
when divided by 3 is S 2
the same as the 5748 =5-999+7-99+4-9+5+7+4+8
remainder of the
sum of its digits divisible by 3 the sum of the digits
divided by 3.

5+7+4+8=24,
24 is divisible by 3, thus 5748 is also divisible by 3.

Divisible by 9

A natural number is divisible by 3 if and only if the sum of its digits is
divisible by 3.

Exercises

1. Construct a set diagram. Make one set for numbers divisible by 3, the other for
numbers divisible by 9, then write the following numbers in the set.

93; 117; 459; 6210; 6573; 14 754; 49 893; 74 634; 86 283; 234 711; 576 495; 883 452

2. Three brothers bought a present for their grandmother together.
They divided the cost of the present equally among themselves
Which present could they have bought?

2750 Ft 1226 Ft

2538 Ft




3. What numbers can we use to replace the symbols so the number is divisible by 3?

o GLLELER]: b [EREEE; o EreEEE.

4. Find all the number pairs, which, when written in place of the symbols make the
numbers divisible by 9. Write the results in a table.

o Bae[a7[e; b [ele[s5z; o [EELv8.
5. Determine the missing digits, so that the numbers are;

a) divisible by 2; b) divisible by 3;

c) divisible by 4; d) divisible by 5;

e) divisible by 9; f) divisible by 25.

A) 4070; B) 707; C) 4l16; D) 93[7; E) e7L]; F) 70149.

6. Which of the following statements are true, which are false?

a) Every number that is divisible by 3 is also divisible by 9.

b) If the remainder of a number divided by 9 is 2, its remainder by 3 is also 2.

c) There is a positive whole number whose remainder by 3 and by 9 is different.
d) Every number divisible by 9 is divisible by 3.

e) Not every number divisible by 9 is odd.

. . . ( Base set |
7. Draw a similar set diagram in your notebook (Base et

and write the positive even integers greater Multiples of 3
than 2000 but no greater than 2020 in the ( J j

sets.

What are the common properties of the (Multiples 019 |
numbers in each part of the sets?

8. A mentalist said the following to the people
in the audience sitting in seats 1, 2, 3, 4,5, 6
and 7: “Think of a multi digit number, multiply
it by 9 add your seat number to it, then write
it on a piece of paper and throw it in my hat!
I’ll tell you which number belongs to which
seat!”

What is the mentalist’s trick?

Quiz }

A flock of starlings flew into our garden and landed on the trees. When there was a starling on each

tree, one didn’t get a tree to land on. When they sat in pairs, one tree was empty. How many
starlings flew into our yard? How many trees do we have?
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During a board game, Zoli stepped on the lucky field, so he could divide his 15 debt
notes into three equal parts. How many notes did each child get? How did their position
in the game change after this?

Example 1 N
Complete the following divisions.

a) (—15) : (+3);
b) (—15) : (—3).

Solution
a) (—15) : (+3) = O.
Find the number, that when multiplied by (+3) is (—15), or
(+3)- & = —15.
This number is (—5), because (+3) - (=5) = —15.
Thus (—=15) : (+3) = —5.

b) (—15) : (—3) = A.
Find the number, that when multiplied by (—3) is (—15), or
(—3)- A = —-15.
This number is (+5), because (—3) - (+5) = —

Thus (—15) : (-3) = +5.

In the example we reverted the division of integers to the multiplication of
integers.



'\S'-j.(g

Look at, how the sign of the quotient is related to the signs of the dividend
and the divisor.

- (+5) (+4) - (+5) = (+20),
thus

F(+5) | (+20) : (+5) = (+4).

- (-5) (+4) - (-=5) = (-20),

: (-5)

(—20) : (—5) = (+4).

- (+5) (—4) - (+5) = (-20),
 (+5) ] (—20) : (+5) = (—4).

(-5) (=4) - (=5) = (+20),

thus
)

(+20) : (—5) = (—4).

The quotient of two numbers with the same signs is a positive number,
the quotient of two numbers with different signs is a negative number.

To get the absolute value of the quotient, divide the absolute value of
the dividend by the absolute value of the divisor.

Zero in the Division of Integers
If we divide 0 by an integer (other than zero) the quotient is zero.
0:(—8) =0, becasuse 0-(-8)=0.

The divisor cannot be 0.

* (-9): 0 = A would mean, that A - 0 = —9, but there is no such
number, since multiplying any number by zero is zero.

* 0:0 =[] would mean, that [] - 0 = 0, but multiplying any number by
0 is 0, thus we could write any number instead of []. The quotient
cannot be determined accurately, thus the 0 : 0 quotient is undefined.

Dividing integers by 0 is undefined.

o
Ty

The dividend
can be 0.

The divisor
cannot be 0.



Exercises

1. Compare the quotients.

a) (+72) : (+6) (+72) : (+3); b) (+72) : (—6) (+72) : (-3);
c) (—72) : (+6) (+72) : (+3); d) (-72) : (—6) (+72) : (-3);
e) (—72) : (—6) (=72) : (+3); f) (—=72) : (+6) (—=72) : (+3)
2. Put the quotients in increasing order.
(—84) : (—4) (—=32) : (—4) (—64) : (+4)
A = c = E ~
(+64) : (—2) (+64) : (—8) (—32) : (+2)
3. Put the quotients in decreasing order.
A: (—108):(+36) ; B: (+72):(—36) ; C: (—108):(—36) ;
D: (—108):(—18) ; E: (+108): (+54) ; F: (—54):(—18) .
4. Calculate the missing values, if a - b = —256.
-8 -1 +64 +2 —-16
+16 =2 -32 +4

5. Fill in the missing numbers.
(—144) :O=(+72) : O = (—-36) : (+3) = —12: .

6. Determine which statement is true based on the quotient of (—54) : (+18).
a) If we multiply the dividend by —1, the quotient changes —1 times.
b) The quotient is unchanged if we divide the dividend and the divisor by +2.
¢) The quotient does not change if we add —6 to the dividend and the divisor.

7. What numbers can we divide
a) —60 by, to integers greater than +1;
b) +36 by to get integers less than —2;
c) +75 to get integers divisible by 57

8. How much should we subtract from the quotient of
a) —51 and +17 to get —10;
b) +57 and -3 to get +10;
c) —81 and —9to get —9?

9.a) How many times is the product of —12 and —24 of 18?
b) How many times is —2730 of the product of —13 and —14?
c) How many times is the product of 1716 and —13, of 11?

....................... 116



10. How much did we multiply the quotient of
a) —60 and +10 by, if we got an integer less than 10;
b) +50 and —10 if we got a two digit positive integer;
c) +180 and —45 if we got 0?

11. Which whole number is it?
a) one fourth of —24; b) four times —24;
c) —4times —24; d) we get —24 if we divide it by —47?

12. Choose a single digit positive integer. Write it down nine times to form a nine-digit
integer. Divide this nine-digit number by —9, then divide the resulting quotient with the
opposite of the one-digit number you originally thought of. What do you notice? Repeat
the process with other single digit numbers.

13. Add the sum of the digits to —999, then divide the result by —9. Is the resulting number
divisible by 9?

14. Complete the divisions.
a) (+72) : [(+6) : (+3)]; b) [(+1
) [(=54) : (=9)] : [(=3) : (=1)]; a) [(—4

)1 (+8)] 1 [(-2) : O];
—3): (- : (-7
6) [(=54) : (=3)] : [(+6) : (~3)]

6 )] :

9) )12 (+7);

f) 0:(+72) : (—-9).

15. Divide 2520 by —7, the result by —8, then the resulting quotient by —9. Divide 2520 by
the product of —7, —8 and —9. Compare the two results.

16. The results of which divisions are equal?

A) (—39) : (—13); B) (+68) : (—20 + 3); C) (=3 - 57) : (-3 + 18);
D) (—=170) : (+10); E) (63 — 37) : (+2); F) [-20 - (=3 — 2)] : (-2);
G) (—51) : (+3); H) (+135) : (+45); ) [-27 + (=9)] : (—12).

17. Which one is more? Pay attention to the order of operations.
a) (—100) : (=5) + (=5) or (—100): [-5 + (=5)];
b) —24 — 80 : (—8) or (—24 —80):(—8);
c) +36 + (—60) : (—=12) or [+36 + (—=60)] : (—12).

18. Draw a coordinate system. Draw a triangle with vertices, A(+2; +12), B(—8; —4) and
C(+4; 0). Use a different colour to draw the triangles generated from the original
triangle by:

a) multiplying the first coordinate of the vertices by —1, the second is unchanged;
b) the first coordinates are unchanged, the second coordinates are divided by —2;
¢) both coordinates are halved.

Quiz }

What is the smallest natural number divisible by every number from 1 to 10?







3:6 =1

2

3:1 =6
2

3:16=1

5

3.1 _ 15
5

the reciprocal

of 1is2

Example 1 N
How many people can share 3 pizzas, if we give each person

1.

E )

a) 1; b) c) % of a pizza?

Solution 1
We can see the number of resulting slices in the image above. We
can get the same result by division:

a) 3:1=35; b) 3: — =6; c) 3: —=15.

o=

1
2
Solution 2
Based on the properties of the quotient we know that if the dividend
is unchanged and the divisor is reduced to half, or one fifth, then the
quotient increases by two or by five times.

b)3:1 =3 c)3:1 =3

¢2¢2 vio oyl
—a. .1=

3.2_3 2 3:2=3-5.

We can give whole pizzas to 3, half pizzas to 6, and one fifth pizzas
to 15 people.

Division by %means multiplication by 2, division by % means multiplication
by 5.

Example 2 N
We poured four litres of peach juice into

a) 1 litre bottle; b) % litre glasses; c) % litre pitchers.

How many bottles, glasses and pitchers are filled?



Solution

bottles dividing a whole
| | | [ glasses number
pitchers

Based on the figure:

a) number of bottles:

b) number of glasses: 4 :
¢) number of pitchers: 4 :

Division by % means multiplication by % The reciprocal of

Example 3

4:

Based on the changes of the quotient: 3
ONO

¢:3 ¢-3 3 A
1 1
1=4.3=12 4:1=4.3
3 3 772N\
SEENIONO
3 3 2 2

N w
&
w(N

Complete the following divisions.

1
Q) 3:—;
) 5

Solution

a) In the first example, we saw, that 3 : % =3-5=15.

b) We count based on the changes of the quotient.

8 s

the divisor
increases 4 times

3:

8 <

b 3: 2 ¢)

dividing a whole
number

~N|w
ol

5

/

©
o

c) Counting by the changes of the quotient, take case b).

3 .

the dividend is .7
reduced to one 7th ¢ ’
3.

¢-4 &:4 the quotient is reduced by one 4th 'wh
. 5
£=(3-5):4=3_5=3.§=1_5 @
5 4 4 4 5
4 5 4
T -3.2
5 4
dividing by a
2 =3 - > fraction
5 4
¢:7 the quotient is reduced by one 7th W?\\
R )
5 7 4 28 .9
4
4_3.5
5 7 4

We divide with fractions, by multiplying the dividend by the reciprocal of

the divisor.



When dividing by a fraction we can simplify once we have written the
division in the multiplication by the reciprocal form.

If there is a mixed number in the division, convert it to fraction form first.

51.,83_9.8_9 5_4_,13
4° 5 45 4 8 32 32

If we divide numbers with signs, the signs of the numbers are determined
the same way as with integers.

A RERCI R EREE S

SESRCITBE R

Exercises
1. Complete the following divisions, then check your answer.
7 12 5 28 . 7
T b) 14:—; 14:1=; d —:—;
a) 14 12° ) 7’ ©) 7 ) 2 12
3 (_2 5 5 5 .13
-5): = ) 7:1—=1|; 20 =21 h) —:—.
&) (-5): 7 ) 7:(-2) 9 (-2)(-2) My
2. What is the quotient? Check your answer.
5.,2 6 .,2 30.,2 7 4
=:1=; — 4= — 4= - |1 2=;
9 7 13’ b 1 7 o 49 7’ d)( 10) 5
1.1 1 1 4 3 1 1
e) 4—:8— )| —-9=|:| -2=|; 7= |:1=; h) 5—:|-8—=|.
Vaaer 0[sflEg) 9 [E)e ws(eg)

3. What number is the entire train carrying?




4. What numbers can we write in place of the symbols to make the equations true?

2 4 3 9 5 3
—:A=—; “2l.A=Z; 2iA=
Q) 3 3 b)( 5) A , c) 8 ]
4 5 3 1 9
. T AN, ZiA=2—: S A=2",
d)[ 15) A 5 e) 2 5 ) 20

5.a) What is the quotient if we divide (—6%) by 4% ?

b) How many times 4% is [—6%) ?

¢) How many times (—6%) is 4% ?

d) What do we have to multiply 4% by to get (—6%]?

6. Complete the divisions. Which is greater? The dividend or the quotient?

7.1, 2.2 2.3. 9.5

4
2. £.1. 2.2 £:2. 42 2.2
)3 5 8 2 9 3 b) 3’ 4 4

1.
3 2" '3
7. The area of a rectangle is 25% m?. What is its perimeter if one side is 8% m long?

8. Write down as many divisions as possible so that both the dividend the divisor as well
as the quotient are among the following numbers.

9. 4 2 4 & 5 8
2 5 8 2
9. Vince and Carl have been cycling for an hour and a half,
when they completed % of their trip. What portion of their

trip did they complete in 1 hour? How much time is left

until the end of the trip, if they continue at the same pace?

— Quiz }

We multiply a number by %, then divide it by % Which of the following operations are equivalent to

these two operalions?

A) division by ; B) division by 2 ; C) multiplying by 9 ; D) multiplying by ; E) division by %







Example 1

In the 25th minute of the Szeged—Veszprém handball match, Szeged
was leading 15:12. The 15 goals resulted from 20 shots. What
percent of the shots were goals?

1 shot is A of 20 shots,
20

15 shots is
15 _ 75
20 100

Solution 1
20 shots 100%
15 shots ?
=0 shots 1%
100
5
15 shots 15: 29 0 = 15. 280 o, _ 750,
100 20
Solution 2 L
20 shots 100%
1 shots @% = 5%
20
15 shots 15 - 5% = 75%
Solution 3

15 5t 20.

20

75%.

The Szeged handball team realized a goal from 75% of the shots until
the 25th minute of the game.



Example 2 A

There were 30 athletes at school last year. This year, there are 42.
What is the percent of athletes this year, compared to last year?

Solution 1
Take last year’s number to be 100%
30 students 100%
42 students ?
100
1 student %
u 30 (6]
7
100 700
42 students . % = —% = 140%
£ 30 5
Solution 2 2

42 students is ;"—g times 30 students.

42 7 .
— = — =1.4. 1.4 parts is = 140%.
30 5 > ! °

The number of athletes this year, is 140% of those last year.

Example 3 X

In one store there is a 25% discount on a juice and at an other store
there is a “buy two, get one free” sale for the same juice. Where
should you buy the juice?

Solution

At one store, the discount is 25%.
At the other store we get three juices for the price of two.

3 boxes of juice 100%
1 box of juice 120 %
2 boxes of juice 2- 109

3 %= 66.6% ~ 66.7%
Thus the discount is 100% — 66.7% = 33%.

Solution 2
If we buy 3 boxes of juice for the price of 2, then we buy one box
2 .
at — price.
3 p

% = 0.666 = 0.667. 0.667 part = 66.7%. The discount is 33.3%.

It is better to buy the juice at the “buy two, get one free” sale.

The number of
athletes increased
by 40%



Exercises

1. Conduct a survey in class and make a table.
What % of the students in class,
a) wear glasses; b) have been abroad;
c) have been to the zoo last year; d) take the bus to school?

2. Conduct a survey in class and make a table.
a) What % of the students got A, B, C, D or F on their math test?
b) What percent of the students in class have 0; 1; 2; 3; or more siblings?

3. Think of similar questions as in exercises 1 and 2 and conduct the survey.

4. What part, what % of 50 are the following numbers?

a) 1; b) 2; c) 5; d) 22; e) 65; f) 150.
5. What percent of one hour is

a) 60 minutes; b) 15 minutes; c) 75 minutes;

d) 6 minutes; e) 3 minutes; f) 90 minutes?

6. What percent of 2 km is
a) 800 m; b) 240 m; c) 1625 m; d) 2.3km; e) 20 m; f) 80 m?

7. The price of a 12 000 Ft dress was increased by 1500 Ft. What percent was the price
increase?

8. The price of a 15 000 Ft product was reduced by 1200 Ft. What % was the price
reduction?

9. 2430 out of 45000 books in a library are in a foreign language. What percent of the
books in the library are in a foreign language?

10. 15 out of 36 shots were on target at the
shooting range. What percent of the shots are
the number of hits?

[ daily
11. The image shows the results of an internet w ] weekly
use survey among the 6th graders. What [ rarely

percent of the students uses the internet daily,
what percent weekly? (=)

12. A car covered 168 km out of 250 km. What % of the complete route did it cover?

13. A pen costs 400 Ft, a pencil costs 360 Ft. What percent is the
a) cost of the pencil of the cost of the pen;
b) cost of the pen of the cost of the pencil;
c¢) cost of the pen of the cost of the pen and the pencil together;
d) cost of the pencil of the cost of the pen and the pencil together?



14. A family spends 50 000 Ft of its 180 000 Ft monthly income on bills (gas, electricity,
water, telephone, internet, newspaper), 85 000 Ft on food and household items,
28 000 Ft on commuting and the rest on other expenses. What percent of its income
does the family spend on other expenses?

15. Ask your parents, what percent of your family income you spend on bills and food.
What percent is spent on entertainment?

16. The table shows the number of students who entered the math competition.

grade 3. 4, 5. 6. 7. 8.
number of students 12 24 27 33 15 9

What % of the students were in third, fourth, fifth, ..., grade?

17. What percent discount did the sports store reduce the price of the items by?

3500Ff |
2450 Ft

" 2500-F1 ~ B000F
2250 Ft A

14 000 Ft

| 19.608Ft
14 700 Ft

— Quiz }
Crisis in the New Village sports club!

The local newspaper tried to find out what caused the poor performance of the local NVS soccer team.

— | feel the charges against me are unfounded. Our performance in the spring season increased by
100%! — the coach replied.

—The NVS has never performed this poorly! They only won 3 of their 30 games — said the
representative of the fan’s association.

They both told the truth. How is this possible?




